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Abstract
We study the Hawking radiation in a new class of black hole solutions in the Einstein-
Gauss-Bonnet theory. The black hole has been argued to have vanishing mass and entropy,
but finite Hawking temperature. To check if it really emits radiation, we analyse the
Hawking radiation using the original method of quantization of scalar field in the black
hole background and the quantum tunneling method, and confirm that it emits radiation
at the Hawking temperature. A general formula is derived for the Hawking temperature
and backreaction in the tunneling approach. Physical implications of these results are
discussed.
1e-mail address: ohtan@phys.kindai.ac.jp
1 Introduction
Hawking radiation from the black holes is one of the most striking effects to arise from the
combination of quantum mechanics and general relativity. In its original derivation [1],
Hawking considered quantization of matter in a background spacetime that contains an
event horizon and found that the occupation number spectrum of quantum modes in the
vacuum state is that of a blackbody at a fixed temperature, now called Hawking tem-
perature. Since then there appear several derivations, including those based on quantum
tunneling [2] and gravitational anomalies [3]. These effects are very important in revealing
quantum aspects of gravitational theories.
Recently a new class of black hole solutions in the Einstein-Gauss-Bonnet gravity has
been found in [4], and their higher-dimensional generalization is considered in [5]. The
solution consists of spacetime with the topology of the direct product of the (n − 4)-
dimensional space of constant curvature Kn−4 and the usual four-dimensional spacetime
M4. The vacuum equations with Gauss-Bonnet contribution and cosmological constant
Λ are split into four-dimensional part and extra (n − 4)-dimensional part. The four-
dimensional part is like the vacuum Einstein equation with a cosmological constant re-
defined while the extra dimensional part gives a scalar constraint equation. The solution
represents a black hole with two horizons and M4 asymptotically approaches Reissner-
Nortstro¨m-(Anti)-de Sitter (RN-(A)dS) spacetime or RN spacetime for positive Gauss-
Bonnet coupling constant. We can also choose parameters so as to obtain asymptotically
flat solutions. One very curious property of this black hole is that it has zero mass and
entropy, but the Hawking temperature is nonzero. As argued in Ref. [5], the former prop-
erty follows from the higher-dimensional nature of the black hole. However it may seem
strange if the black hole emits any radiation. If it has no energy, it is natural to expect
that there is no radiation and the temperature is zero. Note that the first law of thermo-
dynamics is satisfied, so there is no inconsistency. In [5], the Hawking temperature was
evaluated by making the analytic continuation to the Euclidean geometry and read from
the periodicity in the Euclidean time around the horizon [6]. The natural question then
arises whether this method is still valid in this new black hole solution and there is really
radiation since its presence is not explicitly shown. Thus it is interesting and important to
study if the black hole really emits radiation or not and examine quantum aspects of the
solution. In this paper we investigate this problem using the original method of Hawking
and another method based on tunneling mechanism.
The derivation of Hawking radiation based on the quantization of matter fields gives
rather intuitive picture, while the one using tunneling mechanism has the advantage that
it can easily give backreaction. There is a vast literature on this method. We list some
of works relevant to our later discussions [7]-[36]. The method considers that a pair of
particle and anti-particle is formed close to the horizon inside a black hole. The particle
of outgoing modes tries to move outside the black hole, while the anti-particle of ingoing
modes moves toward the center of the black hole. The horizon plays a role of a barrier when
the particle tries to move outside the black hole, but the particle can get out of the black
hole by the quantum tunneling effect. The WKB probability amplitude for the particle
is calculated by taking into account classically forbidden paths. By comparing with the
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Boltzmann factor in a thermal equilibrium state, the Hawking temperature is obtained.
To check if there is really radiation, we derive Hawking radiation for the new black holes
mentioned above both in the original and tunneling approaches, and compare the results.
We find that both approaches confirm that the black hole really emits radiation at a
certain temperature. This is somewhat surprising result.
The paper is organized as follows. In Sect. 2, we briefly review the Schwarzschild-
like solution for d = 4 and n ≥ 8 in the Einstein-Gauss-Bonnet theory and give the
argument why it has zero mass and entropy but finite Hawking temperature. In Sect. 3,
we calculate Hawking radiation by using two methods. We also give an alternative general
formula which simplifies the calculation and clarifies the connection between the Hawking
temperature and the surface gravity. Finally we discuss these somewhat surprising results
and draw our conclusions in Sect. 4.
2 Schwarzschild-like solutions in the Einstein-Gauss-
Bonnet gravity
We consider the action for n-dimensional spacetime [4]:
S =
1
16πGn
∫
dnx
√−g (R− 2Λ + αLGB) , (1)
where Gn is the n-dimensional gravitational constant, α the Gauss-Bonnet coupling con-
stant, R the n-dimensional Ricci scalar and Λ the cosmological constant. The Gauss-
Bonnet term LGB is given by
LGB ≡ R2 − 4RµνRµν +RµνρσRµνρσ. (2)
We take α ≥ 0, because it is so in superstring models.
The gravitational equation from the action (1) is given by
Gµν ≡ Gµν + αHµν + Λδµν = 0, (3)
where
Gµν ≡ Rµν − 1
2
gµνR,
Hµν ≡ 2
(
RRµν − 2RµαRαν − 2RαβRµανβ +RµαβγRναβγ
)− 1
2
gµνLGB. (4)
We consider the solutions to the above n-dimensional vacuum gravitational equation,
which are locally homeomorphic to M4 × Kn−4 with the metric gµν = diag(gAB, r20γab).
Here gAB (A,B = 0, · · · , 3) is an arbitrary Lorentz metric on M4, r0 is a constant and
γab (a, b = 4, · · · , n−1) is the unit metric on the (n−4)-dimensional Einstein space Kn−4
with constant curvature k¯ = −1. Then the vacuum gravitational equation GAB = 0 is a
tensorial equation on M4, while Gab/δab = 0 is a scalar equation on Mn−4.
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To solve these equations, we assume the Einstein-space condition [4]:
(n−4)
C abcd
(n−4)
C fbcd= Θδ
a
f , (5)
where
(n−4)
C abcd is the (n − 4)-dimensional Weyl tensor in Kn−4. Θ is a constant by the
consistency with the identity Hµν ;ν = 0. The Weyl tensor vanishes identically in three or
less dimension, so that Θ ≡ 0 holds for n ≤ 7.
In this paper, we consider n ≥ 8 and impose the conditions (i) r20 = 2α(n − 4)(n −
5) and (ii) αΛ = − n2−5n−2
8(n−4)(n−5)
+ Θ
8(n−4)(n−5)2
. With conditions (i) and (ii), the four-
dimensional part of the vacuum gravitational equation GAB = 0 is automatically satisfied,
and the (n − 4)-dimensional part Gab = 0 gives a single scalar equation on M4, which
determines the metric on M4. The constant r20 is proportional to the Gauss-Bonnet
coupling constant α, which is supposed to be of the order of the square of the Planck
length. Thus, compactifying Kn−4 by appropriate identifications, we obtain the Kaluza-
Klein spacetime with small and compact extra dimensions.
The metric on M4 for the static solution is given by
ds2 = gABdx
AdxB = −f(r)dt2 + 1
f(r)
dr2 + r2dΣ22(k), (6)
where
f(r) = k +
r2
2(n− 4)α
[
1∓
{
1− 2(n− 5)(2n− 11)−Θ
6(n− 5)2 −
4(n− 4)αm
r3
− 4(n− 4)αq
r4
} 1
2
]
,
(7)
dΣ22(k) =


dθ2 + sin2 θdφ2 for k = 1
dθ2 + dφ2 for k = 0
dθ2 + sinh2 θdφ2 for k = −1
(8)
wherem and q are integration constants, and dΣ22(k) is the line element on the unit Einstein
space K2 and k = ±1, 0. There are two branches of the solution corresponding to the sign
in front of the square root in (7), which we call the minus- and plus-branches.
The metric onM4 is asymptotically RN-(A)dS spacetime for k = 1 in spite of absence
of Maxwell field since the function f(r) behaves for r →∞ as
f(r) ≃ r
2
2(n− 4)α
(
1∓
√
2(n− 4)(n− 5) + Θ
6(n− 5)2
)
+ k ∓
√
6(n− 5)2
2(n− 4)(n− 5) + Θ
(
− m
r
− q
r2
)
.
(9)
Here we are interested in the asymptotically flat spacetime. This can be obtained by
taking the minus-branch, and setting k = 1, Θ = 2(n− 5)(2n− 11) and m = −2G4M in
(7):
f(r) = 1 +
r2
2(n− 4)α
[
1−
√
1 +
8(n− 4)αG4M
r3
− 4(n− 4)αq
r4
]
∼ 1− 2G4M
r
− q
r2
. (10)
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Note that even though we have a cosmological constant, the flat space is obtained due to
the presence of the higher derivative terms.
By examining the asymptotic behavior of this function, one might conclude that the
black hole has a mass proportional to M . However, this black hole solution is quite dif-
ferent from the one obtained by the usual Kaluza-Klein dimensional reduction [5]. In the
usual Kaluza-Klein theory with a direct product manifold M4 × Kn−4, we get reduced
action by integrating the total action over the extra space Kn−4, and then derive field
equation in four dimensions whose solution gives the black hole. However, the above
solution trivially satisfies this four-dimensional part of the field equation, and the non-
trivial part is the trace part for the (n − 4) dimensions, which cannot be obtained from
the reduced action. Thus the reduced action does not give any information on the above
solution. The usual way to define the mass in four dimensions using the corresponding
four-dimensional locally diffeomorphism-invariant “effective action” does not work, and
we have to use the whole n-dimensional theory to derive the mass and entropy. Namely
we cannot simply read off the mass from the asymptotic behavior of the four-dimensional
solution (10), and the entropy should not be evaluated only by using the action in four
dimensions. Instead we should use Wald’s entropy formula in the whole dimensions [37]
S =
1
4Gn
∫
dn−2x
√−g(1 + 2αR)(h˜), (11)
where the metric is replaced by h˜, which is the induced metric on the (n−2)-dimensional
cross section of the horizon. The curvature is found to be
R(h˜) =
(4)
R − (n− 4)(n− 5) 1
r20
, (12)
where
(4)
R is the four-dimensional scalar curvature computed using the metric (6). Using
the explicit value of r0, we find that the second term in (12) cancels against the first
term 1 in the entropy (11), and the remaining term gives a constant (proportional to the
Euler number) independent of the horizon radius. This constant should be discarded [5].
There are several reasons for this; obvious one is that such a constant remains even in
the vanishing limit of the horizon radius which should give zero. On the other hand, we
get nonzero Hawking temperature if we evaluate it by Euclideanization method. Thus,
surprisingly enough, it is found that the entropy vanishes for the solution, but the Hawking
temperature, evaluated by the Euclideanization technique, is nonvanishing.
Similarly, using the Euclidean action of higher dimensions, we can evaluate the mass of
the black hole by evaluating the Euclidean action, which gives a constant independent of
the temperature. Considering the relation between the Euclidean action and free energy,
we immediately see that the energy of the black hole vanishes [5]. These results, vanishing
mass M and entropy S but nonzero Hawking temperature TH , are obviously consistent
with the first law of thermodynamics dM = THdS. This raises an important question
whether the Hawking radiation really takes place or not even though the temperature
appears finite since its presence is not explicitly confirmed. This is what we now study.
If one naively evaluated the entropy in the four-dimensional viewpoint using the first
law of thermodynamics, one would find that the entropy would be given by an expression
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containing logarithm of the horizon area. However, as we argued above, this method is
based on the effective four-dimensional action which does not capture the properties of
our black holes, and cannot be justified. For more details, we refer the reader to Ref. [5].
3 Hawking radiation and useful formula
3.1 Particle creation
Let us first calculate the Hawking radiation for the metric onM4 which is asymptotically
RN spacetime without Maxwell field and show that there exists the Hawking radiation
in four dimensions with a temperature given by the surface gravity, just as the usual
Schwarzschild solution [1].
The Klein-Gordon equation in a curved spacetime is given by
1√−g∂A
(
gAB
√−g∂BΦ
)
= 0, (13)
where Φ ≡ Φ(t, r, θ, φ). Inserting the metric (6), we obtain the following differential
equation[
− 1
f(r)
∂2
∂t2
+
1
r2
∂
∂r
{
r2f(r)
∂
∂r
}
+
1
r2
{
1
sin θ
∂
∂θ
(
sin θ
∂
∂θ
)
+
1
sin2 θ
∂2
∂φ2
}]
Φ = 0 (14)
Using spherical symmetry and time translation invariance, we write the scalar field as
Φ(t, r, θ, φ) =
(
Ae−iωt + A∗eiωt
)
R(r)Ylm(θ, φ), (15)
where A is constant and Ylm(θ, φ) is the spherical harmonic function. We do not have to
consider the angular part of the solution because the spacetime M4 is independent of θ
and φ. We insert (15) in (14) and introduce the new field R(r) ≡ R˜(r)/r to obtain
∂2R˜(r)
∂r∗2
+ ω2R˜(r)− f(r)
[
1
r
∂f(r)
∂r
+
l(l + 1)
r2
]
R˜(r) = 0, (16)
where
∂f(r)
∂r
=
1
2(n− 4)α
[
2r − 2r
3 + 4(n− 4)αM√
r4 + 8(n− 4)αMr − 4(n− 4)αq
]
, (17)
r∗ ≡
∫
1
f(r)
dr. (18)
In the limit of r →∞, Eq. (16) reduces to
∂2R˜(r)
∂r∗2
+ ω2R˜(r) = 0. (19)
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Thus, the field (15) can be expanded in the initial stationary region as
Φ =
∑
ω
(ainω fω + a
in†
ω f
∗
ω), (20)
or in the final one as
Φ =
∑
ω
(aoutω pω + a
out†
ω p
∗
ω), (21)
where ainω and a
out
ω are the annihilation operators which satisfy the usual commutation re-
lations, and fω and pω are the solutions of (19) in the initial and final regions, respectively.
The positive frequency modes for (19) at past null infinity (I−) are
fω(r, v) =
e−iω(t+r
∗)
4πr
√
ω
=
e−iωv
4πr
√
ω
, (22)
where v ≡ t + r∗ and they have the scalar product
(fω, fω′) = −(f ∗ω, f ∗ω′) = −i
∫
I−
dvr2dΣk=1(fω∂vf
∗
ω′ − f ∗ω′∂vfω)
= δ(ω − ω′), (23)
and (fω, f
∗
ω′) = 0. Similarly the positive frequency modes for (19) at future null infinity
(I+) are
pω(r, u) =
e−iω(t−r
∗)
4πr
√
ω
=
e−iωu
4πr
√
ω
, (24)
where u ≡ t− r∗ and they have the scalar product
(pω, pω′) = −(p∗ω, p∗ω′) = −i
∫
I+
dvr2dΣk=1(pω∂vp
∗
ω′ − p∗ω′∂vpω)
= δ(ω − ω′), (25)
and (pω, p
∗
ω′) = 0.
We can now calculate the Bogoliubov coefficients relating the ingoing and outgoing
solutions fω and pω:
pω =
∑
ω′
(Aωω′fω′ +Bωω′f
∗
ω′), (26)
Aωω′ = (pω, fω′) and Bωω′ = −(pω, f ∗ω′), (27)
The Bogoliubov coefficients A and B are used to expand one of the two sets of creation
and annihilation operators in terms of the other:
ainω =
∑
ω′
(Aω′ωa
out
ω′ +Bω′ωa
out†
ω′ ), (28)
aoutω =
∑
ω′
(A∗ωω′a
in
ω′ −Bωω′ain†ω′ ). (29)
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Thus if Bωω′ is non-zero, the particle content of the vacuum state |vac〉in at I− is nontrivial:
in〈vac|N+ω |vac〉in =
∑
ω′
|Bωω′ |2, (30)
where N+ω is the particle number operator at frequency ω at I
+.
In I−, we find
pω =
ei
ω
κ
ln(−v)
4πr
√
ω
for v < 0,
pω = 0 for v > 0, (31)
where we have used the surface gravity κ on the horizon defined by
κ ≡ 1
2
∂rf(r)
∣∣∣
r=r+
=
r+ −M
r2+ + 2(n− 4)α
. (32)
Inserting (22) and (31) in (27), we obtain
|Aωω′| = epiωκ |Bωω′ |. (33)
It follows from (33) that
δωω′ = (AA
†)ωω′ − (BB†)ωω′
=
[
e
pi(ω+ω′)
κ − 1
]
(BB†)ωω′ . (34)
Setting ω = ω′, we find
in〈vac|N+ω |vac〉in = (BB†)ωω =
1
e
2piω
κ − 1 . (35)
This is the Planck distribution for black hole radiation with the Hawking temperature
TH =
κ
2π
. (36)
Thus we confirm that the radiation is emitted. The temperature agrees with the one
obtained by Euclideanization [5, 6].
3.2 Tunneling mechanism
To check the validity of the above result further, let us next consider Hawking radiation as
a quantum tunneling process through the horizon, following Ref. [31, 35]. We should use
a coordinate system that is not singular at the horizon, because a particle passes through
the horizon without singularity on the path. The outer (inner) horizon of the black hole
is defined by
r± =M ±
√
M2 − (q + (n− 4)α). (37)
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Painleve´ coordinates which are used to eliminate coordinate singularity are convenient
choices in this analysis. With the Painleve´ time transformation
dt→ dt−
√
1− f(r)
f(r)
dr. (38)
the Painleve´-like line element is given by
ds2 = −f(r)dt2 + 2
√
1− f(r)dtdr + dr2 + r2dΣ22(k=1). (39)
There is no coordinate singularity at the horizon.
The outgoing motion of the massless particle (the outgoing radial null geodesics ds2 =
dΣ22(k=1) = 0) takes the form
r˙ ≡ dr
dt
= 1−
√
1− f(r). (40)
When we take into account the effect of the particle’s self-gravitation, we should replace
M by M − ω, where ω is the energy of the particle which escapes from the black hole by
the tunneling mechanism. Then (39) and (40) are rewritten as
ds2 = −fa(r)dt2 + 2
√
1− fa(r)dtdr + dr2 + r2dΣ22(k=1), (41)
r˙ = 1−
√
1− fa(r), (42)
where
fa(r) = 1 +
r2
2(n− 4)α
[
1−
√
1 +
8(n− 4)α(M − ω)
r3
− 4(n− 4)αq
r4
]
. (43)
We evaluate the WKB probability amplitude for a classically forbidden trajectory.
The imaginary part of the action for an outgoing positive energy particle, which crosses
the horizon outwards from rin to rout, is given by
Im S = Im
∫ rout
rin
prdr = Im
∫ rout
rin
∫ pr
0
dp′rdr. (44)
Use of Hamilton’s equation r˙ = dH
dpr
|r in (44) yields
Im S = Im
∫ M−ω
M
∫ rout
rin
dr
r˙
dH = Im
∫ ω
0
∫ rout
rin
dr
1−√1− fa(r)(−dω′)
= −Im
∫ ω
0
∫ rout
rin
g(M − ω′)
(M − ω′)− 1
2r
[r2 + (q + (n− 4)α)]drdω
′, (45)
where
g(M − ω′) ≡ −
{
1 +
[
1
2(n−4)α
(
h1/2 − r2)] 12 }{r2 + 2(n− 4)α + h1/2}
4r
,
h ≡ r4 + 8(n− 4)α(M − ω′)r − 4(n− 4)αq,
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and use has been made of H =M − ω′.
Using Feynman’s iǫ prescription ω → ω − iǫ and performing M-integration, we find
Im S = −π
∫ rout
rin
r2 + 2(n− 4)α
r
dr, (46)
where rout and rin are given by
rout =M − ω +
√
(M − ω)2 − (q + (n− 4)α)
≃ r+ − r+
r+ −Mω +
r+(r+ − 2M)
2(r+ −M)3 ω
2, (47)
rin = r+ =M +
√
M2 − (q + (n− 4)α), (48)
respectively. To the second order in ω, Eq. (46) gives
Im S = −π
2
(r2out − r2in)− 2(n− 4)α ln
(
rout
rin
)
≃
(
r2+ + 2(n− 4)α
r+ −M
)
πω −
(
2r3+ − 3Mr2+ − 2(n− 4)αM
2(r+ −M)3
)
πω2. (49)
Thus, we obtain the WKB probability amplitude
Γ = e−2 ImS ≃ e−
2pi
κ
ω+
(
2r3+−3Mr
2
+−2(n−4)αM
(r+−M)
3
)
piω2
. (50)
From the first order in ω in (49), by comparing the result (49) with the Boltzmann
factor (Γ = e−
ω
T ) in a thermal equilibrium state at temperature T , we find the Hawking
temperature TH is given by
TH =
κ
2π
. (51)
We thus find that the radiation exists and the result (51) is consistent with the result
(36). The advantage of this method is that we can easily obtain the effect to the next
order in ω.
3.3 Relation to surface gravity and backreaction
This second derivation of the Hawking temperature is a little involved. Due to this,
though we see that the result agrees with the first evaluation, it is not so obvious whether
it gives result consistent with the first one for more general case. Here we give a simpler
evaluation of the amplitude which gives directly the result as a surface gravity, so it
becomes apparent to give the same result. Not only that, we can also get a formula for
the additional term higher in ω.
When r is close to the horizon and M ≫ ω, we can use the fact that f has a zero at
the horizon, only which contributes to the imaginary part of the amplitude. We can then
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perform the r-integration:
Im S ≃ Im
∫ M−ω
M
∫ rout
rin
2
∂rf(r)
∣∣
r=r+
(r − r+)
drdM ′
= −2π
∫ M−ω
M
dM ′
∂rf(r)
∣∣
r=r+(M ′)
. (52)
For small ω, this gives
Im S ≃ 2πω
[
F (M)− ω
2
∂
∂M
F (M)
]
=
2πω
∂rf(r)
∣∣
r=r+(M)
− ∂
∂M
(
1
∂rf(r)
∣∣
r=r+(M)
)
πω2, (53)
where F (M) ≡ 1
∂rf(r)|r=r+(M)
. By using the result (53), we obtain WKB probability
amplitude
Γ = e−2 ImS ≃ e−
2pi
κ
ω+2 ∂
∂M
(
1
∂rf(r)|r=r+(M)
)
piω2
(54)
We thus see that the Hawking temperature is given precisely by the surface gravity
TH =
∂rf(r+)
4π
=
κ
2π
, (55)
and the quadratic term represents the correction by the backreaction of the radiation.
This is the general formula we get for the Hawking temperature and backreaction. We
find that the result for the Hawking temperature is precisely given by the surface gravity,
in agreement with the first approach.
4 Discussions and Conclusions
In this paper we have studied the Hawking radiation of a new class of black hole solutions
in the Einstein-Gauss-Bonnet theory. We first summarised the surprising result that
the mass and entropy of the black hole are zero, but it has nevertheless nonvanishing
Hawking temperature. The previous derivation of the Hawking temperature was based
on the Euclideanization of the geometry and it was not clear if this means that the black
hole really radiates or not. To check this, we have examined the radiation by using the
original Hawking method and find that it indeed radiates. To confirm the result further,
we took another derivation based on the tunneling approach. We find that both method
give consistent result that the black hole radiates, and the Hawking temperature is given
by the surface gravity. However, it is not very clear in the second method until we compute
the explicit expression whether the temperature is related to the surface gravity. Then
slightly modifying the tunneling method, we have been able to derive a general formula
for the Hawking temperature which directly shows that the result is related to the surface
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gravity. Though some of the technical details may not be new, we believe that this result
is important and at least gives first step to understanding quantum aspect of this kind of
black holes.
Black hole solutions with a nonvanishing temperature and vanishing mass and entropy
may sound strange. However it is not so and there are many black holes having such
thermodynamical properties, for example, see [38, 39]. In the R2 gravity, Lifshitz type
solution is found, satisfying 1 + 2αR = 0 where α is the coefficient of R2 term [38].
It has zero entropy but finite temperature. The factor 1 + 2αR plays the role of the
effective coupling constant for polarization graviton. The effective coupling is given by
Geff = G/(1 + 2αR). Thus the effective coupling diverges for the class of solutions with
1 + 2αR = 0. Wald’s entropy is a quarter of the horizon area divided by the effective
gravitational constant [37], and then the entropy vanishes. This being so, one may expect
that the fluctuations also vanish. As a result, the entropy would vanish and then the
first law of the thermodynamics tells us that the mass should also vanish. It was argued
that this is also true here in [5]. As can be seen from [4], the effective field equation for
the four-dimensional part is trivially satisfied because the coefficients in front of some
gravitational tensors are correspondent to the factor 1 + 2αR discussed above for R2
gravity and vanish. In this sense, the effective coupling constants in the four-dimensional
viewpoint vanish identically. Thus the effective gravitational constant diverges as in the
R2 gravity. Still we find here that there is a Hawking radiation. Once again we emphasize
that the first law of thermodynamics dM = THdS is satisfied since the mass and entropy
both vanish, and there is no apparent inconsistency in the results. Probably the mass
of the black hole gets negative in the process of radiation. The result may also appear
to contradict the Clausius relation. If the black hole emits Hawking radiation, there is a
nonzero flow of heat from the black hole towards outside. How this can be compatible
with the vanishing entropy is left for future study.
One might suspect that we should consider the problem from the higher-dimensional
point of view. However what matters here is the four-dimensional radiation which is gov-
erned by four-dimensional field equations in the black hole backgrounds. Our treatment
should be sufficient for such radiation. There is another possibility that this might be a
question to be asked for black holes in the strong coupling regime. Though our result
indicates that we do have Hawking radiation, it may be possible that the strong coupling
effects modify the result. At the moment, it is not clear to us if and how this could
happen. Obviously this system is worth studying further in connection with the quan-
tum fluctuations around the black holes, and is expected to shed light on the quantum
properties of black holes.
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